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Abstract
Hamiltonicity of connected cubic planar general graphs G is characterized in terms of parti-
tioning any dual graph G∗ into two trees. Thus tree–tree triangulations become involved. The
related Stein theorem is corrected and extended. Moreover, it follows that a maximal planar
graph G can be partitioned into two forests if and only if G can be partitioned into two trees.
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1. Introduction
Use books [2,6] as references for unde?ned terms.
In Hamiltonian graph theory, loops and multiple edges are immaterial and therefore
usually forbidden. However, bounding the maximum valency therein itself precludes
high multiplicities of edges. Moreover, hamiltonicity of cubic graphs precludes loops.
Nevertheless, we show that extending the known characterization of Hamiltonian cubic
planar graphs from simple graphs to general graphs leaves the characterizing require-
ment as elegant as before because the requirement remains formally unchanged. The
requirement, as originated by Stein [5], is that there is an acyclic bipartition of the
set of regions in a spherical map whose graph is a given cubic graph. This is usually
stated in terms of spherical duality. In our language the requirement is that the dual
map is a (possibly non-simplicial) triangulation whose graph admits a partition into
two trees.
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The word graph stands for general graph which may contain loops and multiple
edges. Let us ?x some more notation and terminology. By a map, say M , we mean
a spherical map which is de?ned to be the triple (V; E;R) of ?nite sets V , E, and R
of vertices, edges, and regions, respectively, such that regions, edges, and the vertex
set V , V = ∅, make up a partition {V} ∪ E ∪ R of the 2-sphere S2 (wherein only
the edge set E can be empty). Moreover, G=G(M) := (V; E) is a general graph in
S2, each non-loop edge is an arc with deleted endpoints, a loop is a point-deleted
Jordan curve, regions are connected open subsets of S2. If each region is an home-
omorph of the open disk, the map is cellular and the regions are called faces of
the embedded graph G. Call G (and its isomorphism class) to be the graph of the
map M . An edge whose removal from G increases the number of components is
called a bridge of G (and of M , too). The valency of a region R in M , R∈R,
is the number of edges incident to R where each incident bridge of M is counted
twice. The valency and degree of a vertex are the number of incident half-edges and
that of adjacent vertices, respectively. A graph is called cubic if all vertex valencies
are three.
In what follows, we assume that the graph G of any map M has no component K1
unless G=K1. This is to simplify dealing with dual maps.
Let 	(M) =V ∪ E ∪R, the element set of the map M . Recall that if M∗ is a map
dual to M , M∗ = (V ∗; E∗;R∗), then (V ∗; E∗) =:G∗ is a graph dual to G and there is
a dualizing bijection 
 : 	(M) → 	(M∗) such that elements paired oJ by 
 meet each
other. In particular, each vertex belongs to (the interior of) the corresponding region,
each pair of the corresponding edges intersect at a single point, and an edge which is
a bridge corresponds to a loop.
A map M is a (generalized, possibly non-simplicial) triangulation of S2 if the graph
of M is connected and each region is triangular (i.e., is of valency 3). For instance,
the map dual to one whose graph is K2 with a loop at either vertex is a triangulation
with exactly two regions both triangular though each is incident to two vertices only.
We call a triangulation (map) T to be a tree–tree triangulation (tree–tree map) if T
is spherical and the graph of T (is connected and) includes two disjoint induced trees
which together cover all vertices of T . Each tree–tree map is clearly loopless but can
have multiple edges.
The ?rst main result follows. It can be viewed as a correction of Stein’s result
[5, Theorem 2:2], its extension to general graphs, and speci?cation of Stein’s as well
as Hakimi and Schmeichel’s conditions [4] for hamiltonicity of planar cubic
graphs.
Theorem 1. A planar cubic (general) graph G is Hamiltonian if and only if; for a
spherical map M whose graph is isomorphic to G, the dual map M∗ is a tree–tree
triangulation.
It is well known that the problem Hamiltonian cycle restricted to planar cubic
3-connected graphs is NP-complete, cf. [3, GT 37].
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Corollary 2. Identifying tree–tree triangulations among spherical simplicial ones is
an NP-complete problem.
Note that connectivity of G is not required in Theorem 1. In contrast, connectivity
of G has to be required in both related results mentioned above. In Stein, it is covered
up by his assumption that each region of any map is a topological cell. In Hakimi and
Schmeichel the graph (G∗ in Corollary 7 below) appears to be 3-connected.
Conditions for hamiltonicity are stated in [4], in terms of vertex arboricity of a
loopless graph. More generally, the vertex arboricity of a graph G, denoted a(G),
is ∞ if G has a loop, otherwise a(G) is the minimum number of subgraphs among
acyclic partitions of G, all subgraphs in an acyclic partition being forests. In general,
the subgraphs in a partition of G are to be induced, disjoint, and their vertex sets are
to make up a partition of V (G). Note that Hakimi and Schmeichel’s characterization
of planar graphs with a(G) = 2 holds for general graphs:
Theorem 3. Let G be a planar (general) graph. Then a(G) = 2 if and only if a dual
G∗ contains an Eulerian spanning subgraph.
The following result can be viewed as the most general form of Stein’s theorem.
Corollary 4. A connected planar cubic (general) graph G is Hamiltonian if and only
if a(G∗) = 2 for a graph G∗ dual to G.
The above two Theorems and Corollary imply the following.
Corollary 5. For a maximal planar (simple) graph G on three or more vertices,
a(G) = 2 if and only if G can be partitioned into two trees. The same equivalence
holds if G is any dual graph of a connected planar cubic general graph.
2. Known related results
Our motivation comes from the Stein approach to the hamiltonicity of connected
cubic planar simple graphs.
A condition due to Stein, its simple correction, and extension to general graphs are
best stated in terms of the dual graph. Given a planar graph G, a dual graph G∗ of G
is unique (up to isomorphism) if the graph G is 3-connected. The graph G∗ is unique,
too, if G is connected and on the 2-sphere. In order to handle the possible variety of
graphs dual to a disconnected planar graph, consider the operation
G 	→ (G);
such that (G) =G if G is connected, otherwise (G) is a graph obtainable from G by
identifying a vertex of one component with a vertex of another one. Let ∞(G) denote
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a connected graph obtainable from G by iterating the operation . Assume that the set
of duals G∗ of a graph G coincides with the set of duals G˜
∗
of all graphs G˜= ∞(G).
However, in case G is disconnected and spherical, it is assumed that all possible duals
G∗ are determined if identi?cation in each  is restricted to a pair of vertices incident to
a common (non-face) region and only locally at this region changes the existing map.
Note that each dual graph is connected. Moreover, −1, the converse of , leaves G un-
changed if G has no cut-vertex, otherwise G 	→ −1(G) consists of splitting a cut-vertex
of G so that a component of G is replaced by two connected nontrivial subgraphs.
Proposition 6. Both operations  and −1 leave the vertex arboricity unchanged,
a(G) = a((G)) = a(−1(G)).
Stein’s de?nition of a region-cycle can be clari?ed as follows. Call an alternating
sequence, say , of regions and edges of a map M to be a region-walk (or region-cycle
etc.) if the term-by-term image of  under the dualizing bijection 
 is a walk (or cycle
etc.) in the dual graph G∗.
Stein claims in [5, Theorem 2:2] that the 1-skeleton, G, of a cubic cellular map
M covering the 2-sphere S2 is Hamiltonian if and only if the family of all regions in
M can be bipartitioned so that all region-cycles of length at least three are split.
However, Stein’s requirement does not ensure hamiltonicity as is shown by the
map, say M˜ , whose graph has 14 vertices and is the unique smallest cubic planar
2-connected non-Hamiltonian graph, cf. ([1, p. 31, Nr. 162]). The map M˜ has precisely
three vertex-disjoint pairs of adjacent triangles and two more vertices which are joined
bijectively to two “free” (degree-2) vertices in each pair of triangles. Moreover, M˜
is a counterexample since one can bipartition the region set so that all region-cycles
of M˜ but one of length two are split.
Stein’s theorem becomes true if region-cycles of length one or two are forbidden
(though region-cycles of length two need not be forbidden in general, cf.
Corollary 4). In particular, G can be assumed to be 3-connected. What is quoted
in [4] as the “result of Stein” [5, Theorem 2:2] is such a correction of Stein’s theorem
in a disguised formulation.
Corollary 7 (Hakimi and Schmeichel [4, Theorem 2]). Let G be a maximal planar
graph on four or more vertices. Then the dual graph G∗ is Hamiltonian if and only
if a(G) = 2.
3. Proofs and conclusion
We are going to prove the following generalization of Theorem 1.
Theorem 1′. A planar (general) graph G with vertex valencies 2; 3 is Hamiltonian if
and only if; for a spherical map M whose graph is isomorphic to G, the dual map
M∗ is a tree–tree map with face valencies at most three.
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Proof. Necessity: Assume that G is embedded in S2 and let M be the spherical map
whose graph is G. Since G is Hamiltonian, the dual map M∗ and the dual graph G∗ are
uniquely determined (up to isomorphism). Furthermore, G—with bounded valencies—
is the loop-graph C1 or has no loops, no cut-vertices, and no bridges, and so does the
dual graph G∗ which, moreover, is connected. Therefore the dual map M∗ is loopless.
Let C be a Hamiltonian cycle of G. Then the vertices of G∗ which correspond to all
faces of G on either side of the cycle C in S2, induce a tree in G∗. Therefore M∗ is
a tree–tree map.
Su=ciency: Let the map whose graph is G∗ be a tree–tree map (in which the
two trees are induced by some ?xed vertex subsets V1 and V2). Then the root graph
G is connected because no face valency in G∗ is larger than three. If G∗ = K2;
G = C1. Otherwise, the dual graph G∗ is loopless whence G∗ is bridgeless, too.
Therefore the edges of G∗ which are not in any of the two trees make up an edge
cut E(V1; V2) in G∗ and (since there is no bridge) E(V1; V2) includes an even number
of edges from the edge set of each face of G∗. Let H stand for the graph induced
by the preimage in E(G) of the edge cut E(V1; V2). It follows that H is a span-
ning subgraph of G (=G∗∗) and all vertex valencies in H are positive and even. In
fact, H is a required Hamiltonian cycle of G because otherwise a cycle of H sepa-
rates the two trees one from another without intersecting all edges in E(V1; V2), which
is absurd.
Proof of Theorem 3. Necessity: Finiteness of a(G) implies that G is loopless. Let
{F1; F2} be a partition of G into two forests F1 and F2 and let E˜ be the set of edges
joining F1 to F2. Assume that G is on the 2-sphere. Let E′ be the image of E˜ under
passing on to the dual graph G∗ of G. Denote by H the subgraph of G∗ induced by
E′. Now, if E˜ “disappears” (or E˜ is dissolved), the resulting embedding of G − E˜
has one region. Hence H is connected. Moreover, all vertex valencies in H are even
because each boundary walk in G has a nonzero even number of edges in E˜ where
each bridge is counted twice. Hence H is an Eulerian spanning subgraph of G∗.
Su=ciency: G∗ has no bridge, whence G is loopless, because G∗ has an Eulerian
spanning subgraph, say H . Let E˜ be the set of edges in G corresponding dually to
those of H . Because H is a connected spanning subgraph of the dual graph G∗, the
graph G− E˜ is acyclic. Since all vertex valencies in H are even, the set E˜ is an edge
cut in G. Hence a(G) = 2.
Due to the de?nition (and connectivity) of dual graphs and due to Proposition 6,
the following equivalent of Theorem 3 follows.
Theorem 3′. Let G be a connected planar (general) graph. Then G contains an
Eulerian spanning subgraph if and only if a(G∗) = 2.
Proof of Corollary 4. Note that an Eulerian spanning subgraph of a cubic graph is a
Hamiltonian cycle.
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Our investigations can yield a new equivalent of the famous Barnette’s conjecture
on the hamiltonicity of bipartite planar cubic 3-connected graphs. It is the conjec-
ture in a dual form (presented in [4] and implied by Corollary 7) which, due to
Corollary 5, takes on the following shape.
Barnette’s Conjecture (Dual Form). An Eulerian maximal planar graph can be parti-
tioned into two trees.
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